Abstract. We prove Kawaguchi-Silverman conjecture for all surjective endomorphisms on every smooth rationally connected variety admitting an int-amplified endomorphism.
Introduction
Let X be a smooth projective variety and f : X X a dominant rational self-map, both defined over Q. Silverman introduced the notion of arithmetic degree in [30] , which measures the arithmetic complexity of f -orbits by means of Weil height functions.
On the other hand, we can attach the dynamical degree δ f to f , which measures the geometric complexity of the dynamical system. In [30] , [16, Conjecture 6] Kawaguchi and Silverman conjectured that the arithmetic degree of any Zariski dense orbits are equal to the first dynamical degree δ f (cf. Conjecture 2.7).
If the Kodaira dimension of X is positive, f does not have Zariski dense orbits. Therefore, the conjecture is interesting only for varieties of non-positive Kodaria dimension. Smooth projective varieties of Kodaira dimension zero are isomorphic up toétale covering to products of abelian varieties, hyper-Kähler varieties, and Calabi-Yau varieties. The conjecture is solved for abelian varieties [15, 31] , endomorphisms on hyper-Kähler varieties [19] . As for endomorphisms on varieties of Kodaira dimension zero, the essential remaining case is automorphisms on Calabi-Yau varieties. On the other hand, smooth projective varieties of Kodaira dimension´8 are fibered (by rational maps) over nonuniruled varieties (so non-negative Kodaira dimension conjecturely) with general fiber rationally connected. Thus, it is natural to tackle the conjecture for rationally connected varieties as a first step.
One strategy to prove the conjecture for higher dimensional algebraic varieties is to use minimal model program (MMP) and reduce the problem to a problem on relatively easier varieties. As for noninvertible endomorphisms on smooth projective surfaces, the conjecture is proved by using this strategy in [24] . Such strategy also works for endomorphisms on higher dimensional projective varieties if we further assume that the varieties admit int-amplified endomorphisms. (A self-morphism f : X ÝÑ X of a normal projective variety X is called int-amplified if there exists an ample divisor H on X such that f˚H´H is ample, cf. Definition 3.1. For varieties admitting int-amplified endomorphisms, a theory of MMP equivariant under endomorphisms is developed by Meng and Zhang, cf. [26, 27, 28] .) The main theorem of this paper is the following. Theorem 1.1. Let X be a smooth projective rationally connected variety over Q admitting an int-amplified endomorphism. Then KawaguchiSilverman conjecture holds for all surjective endomorphisms on X, i.e. the arithmetic degree α f pxq is equal to the dynamical degree δ f for x P XpQq with Zariski dense f -orbit. Remark 1.2. Meng and Zhang prove this theorem for threefolds in [29] .
The organization of this paper is as follows: In §2, we give definitions of dynamical and arithmetic degrees and summarize basic properties of them without proof. We also introduce Kawaguchi-Silverman conjecture in this section.
The proof of the main theorem involves several techniques from birational geometry. We summarize the statement of equivariant MMP in §3. A main difficulty of the proof is that certain kind of fibrations make it impossible to conclude Kawaguchi-Silverman conjecture from that of the output of MMP. We actually prove that such fibrations do not appear in our setting. §4 is for the purpose of this. In §5, we give the proof of the main theorem.
Notation and Terminology.
‚ Throughout this paper, the ground field is Q unless otherwise stated. All statements that are purely geometric hold over any algebraically closed field of characteristic zero. ‚ A variety over a filed k is a geometrically integral separated scheme of finite type over k. A divisor on a variety means a Cartier divisor. A Q-Cartier divisor (resp. R-Cartier divisor) on a variety X is an element of pDiv Xqb Z Q (resp. pDiv Xqb Z R)
We say a commutative diagram is equivariant if each object is equipped with an endomorphism and the morphisms are equivariant with respect to these endomorphisms. ‚ Let pX, ∆q be a klt pair where X is a normal projective variety.
A pK X`∆ q-negative extremal ray contraction π : X ÝÑ Y is called of fiber type or a pK X`∆ q-Mori fiber space if dim Y ă dim X. We say simply Mori fiber space if ∆ " 0.
and so on. 
Arithmetic degree and Kawaguchi-Silverman Conjectures
2.1. Dynamical degrees. Let X be a smooth projective variety defined over an algebraically closed field of characteristic zero and f : X X a dominant rational map. We define pull-back f˚: N 1 pXq ÝÑ N 1 pXq as follows. Take a resolution of indeterminacy π : X 1 ÝÑ X of f with X 1 smooth projective. Write f 1 " f˝π. Then we define f˚" π˚˝f 1˚. This is independent of the choice of resolution.
Definition 2.1. Fix a norm || || on the finite dimensional real vector space EndpN 1 pXq R q. Then the (first) dynamical degree of f is
This is independent of the choice of || ||. We refer to [7, 9, 32] , [11, §4] for basic properties of dynamical degrees.
Remark 2.2. The dynamical degree has another equivalent definition in terms of intersection numbers:
where H is any nef and big Cartier divisor on X (cf. [7] ). The height function on a projective space P N pQq is
where K is a number field (finite extension of Q contained in the fixed algebraic closure Q) containing the coordinates x 0 , . . . , x N , the sum runs over all places v of K, and | | v is the absolute value associated with v normalized as follows:
Here O K is the ring of integers of K. When v is non-archimedian, p v is the maximal ideal corresponding to v and ord v is the valuation associated with v. When v is archimedian, σ v is the embedding of K into C corresponding to v. This definition is independent of the choice of homogeneous coordinates and the number field K. Let X be a projective variety over Q. An R-Cartier divisor D on X determines a (logarithmic) Weil height function h D up to bounded functions as follows. When D is a very ample integral divisor, h D is the composite of the embedding by the complete linear system |D| and the height on the projective space we have just defined. For a general D, we write
where a i are real numbers and H i are very ample divisors. Then we define
The function h D does not depend on the choice of the representation (2.1) up to bounded function. We call any representative of the class h D modulo bounded functions a height function associated with D.
Definition 2.5. Let X be a normal projective variety defined over Q. Let f : X ÝÑ X be a surjective endomorphism. Let H be an ample divisor on X. Fix a Weil height function h H associated with H. The arithmetic degree α f pxq of f at x P XpQq is defined by
The definition of the arithmetic degree is independent of the choice of H and h H ( [16, Proposition 12] [24, Theorem 3.4]). The existence of the limit is proved in [15] .
Remark 2.6. In [15] , it is proved that α f pxq is equal to the absolute value of one of the eigenvalues of f˚: N 1 pXq ÝÑ N 1 pXq ( [15] ). In particular, α f pxq ď δ f for all x P XpQq.
In [16] , Kawaguchi and Silverman formulated the following conjecture.
Conjecture 2.7 (KSC). Let X be a normal projective variety and f : X ÝÑ X a surjective morphism, both defined over Q. Let x P XpQq.
Remark 2.8. In [16] , the conjecture is actually formulated for dominant rational self-maps of smooth projective varieties. Y is a surjective morphism such that g˝π " π˝f . Suppose furthermore that δ f " δ g . If KSC for g holds, then KSC for f also holds. Indeed, it is easy to see that α f pxq ě α g pπpxqq for every x P XpQq. If x P XpQq has Zariski dense f -orbit, then πpxq has Zariski dense g-orbit and we get α f pxq ě α g pπpxqq " δ g " δ f . This implies α f pxq " δ f .
Remark 2.12. Conjecture 2.7 is verified in several cases (not only for endomorphisms, but also for dominant rational maps). See [24, Remark 1.8], [14, 19, 20, 22, 23, 29] .
We use the following later.
Proposition 2.13 ( [22, Proposition 3.6])
. Let X be a normal projective variety and f : X ÝÑ X a surjective endomorphism, both defined over Q. Suppose there exists a Q-Cartier divisor D on X such that
Then we have α f pxq " δ f for every x P XpQq with Zariski dense forbit.
Equivariant MMP
Meng and Zhang established minimal model program equivariant with respect to endomorphisms, for varieties admitting an int-amplified endomorphism. In this section, we summarize their results that we need later. We refer to [17] for the basic notions in minimal model program. Definition 3.1. A surjective endomorphism f : X ÝÑ X of normal projective variety X is called int-amplified if there exists an ample Cartier divisor H on X such that f˚H´H is ample.
We collect basic properties of int-amplified endomorphisms in the following lemma.
Lemma 3.2.
(1) Let X be a normal projective variety, f : X ÝÑ X a surjective morphism, and n ą 0 a positive integer. Then, f is intamplified if and only if so is f n . (2) Let π : X ÝÑ Y be a surjective morphism between normal projective varieties. Let f : X ÝÑ X, g : Y ÝÑ Y be surjective endomorphisms such that π˝f " g˝π. If f is int-amplified, then so is g. (3) Let π : X Y be a dominant rational map between normal projective varieties of same dimension. Let f : X ÝÑ X, g : Y ÝÑ Y be surjective endomorphisms such that π˝f " g˝π. Then f is int-amplified if and only if so is g.
variety X admits an int-amplified endomorphism, then the anticanonical divisor´K X is numerically equivalent to an effective Q-divisor.
Proof. See [26, Lemma 3.3, 3,5, 3.6, Theorem 1.5].
Theorem 3.3 (Meng-Zhang). Let X be a Q-factorial normal projective variety over Q admitting an int-amplified endomorphism. Let ∆ be an effective Q-divisor on X such that pX, ∆q is a klt pair.
(1) There are only finitely many pK X`∆ q-negative extremal rays of NEpXq. Moreover, let f : X ÝÑ X be a surjective endomorphism of X. Then every pK X`∆ q-negative extremal ray is fixed by the linear map pf n q˚for some n ą 0. (2) Let f : X ÝÑ X be a surjective endomorphism of X. Let R be a pK X`∆ q-negative extremal ray and π : X ÝÑ Y its contraction. Suppose f˚pRq " R. Then, (a) f induces an endomorphism g : Y ÝÑ Y such that g˝π " π˝f ; (b) if π is a flipping contraction and X`is the flip, the induced rational self-map h : X` X`is a morphism. (3) In particular, for any finite sequence of pK X`∆ q-MMP and for any surjective endomorphism f : X ÝÑ X, there exists a positive integer n ą 0 such that the sequence of MMP is equivariant under f n .
Proof. (1) is a special case of [28, Theorem 4.6] . (2a) is true since the contraction is determined by the ray R. (2b) follows from [27, Lemma 6.6].
Theorem 3.4 (Equivariant MMP (Meng-Zhang)). Let X be a Qfactorial klt projective variety over Q admitting an int-amplified endomorphism. Then for any surjective endomorphism f : X ÝÑ X, there exists a positive integer n ą 0 and a sequence of rational maps
is either the divisorial contraction, flip, or Fano contraction of a K X i -negative extremal ray; (2) there exist surjective endomorphisms g i : X i ÝÑ X i for i " 0, . . . , r such that g 0 " f n and the following diagram commutes:
(3) X r is a Q-abelian variety (i.e. there exists a quasi-étale finite surjective morphism A ÝÑ X r from an abelian variety A. Note that X r might be a point.) In this case, there exists a quasi-étale finite surjective morphism A ÝÑ X r from an abelian variety A and an surjective endomorphism h : A ÝÑ A such that the diagram
Proof. This is a part of [28, Theorem 1.2]. 
Covering Theorem
In this section, we prove that a certain type of dynamical system admits a quasi-étale cover which dominates an abelian variety. We also prove that such covering ascends along processes of equivariant MMP.
4.1. Main Components. First, we recall basic facts on main components of fiber products.
Lemma 4.1. Consider the following commutative diagram:
where X, Z, A, r X are normal projective varieties, µ X , µ Z are finite surjective morphisms, r π is a surjective morphism, and π is an algebraic fiber space. Let U Ă Z be a dense open subset such that µ´1 Z pUq ÝÑ U isétale. Then the open subscheme p´1pπ´1pUqq Ă XˆZ A is an irreducible normal variety. The closure M of this subset in XˆZ A is the unique irreducible component of XˆZ A that dominates X. We call this M the main component of XˆZ A and equip it with the reduced structure.
Moreover, α is the normalization of M if and only if the canonical homomorphism kpXqb kpZq kpAq ÝÑ kp r Xq is an isomorphism. If this is the case and X, Z, A are equipped with surjective endomorphisms equivariantly, then they induce a surjective endomorphism on r X. Remark 4.2. In the setting of Lemma 4.1, the normalization of the main component is equal to the normalization of X in kpXqb kpZq kpAq. Note that since kpXq Ą kpZq is algebraically closed and kpAq Ą kpZq is a finite separable extension, kpXqb kpZq kpAq is a field.
Proof of Lemma 4.1. Since µ´1 Z pUq ÝÑ U is flat, p´1pπ´1pUqq ÝÑ π´1pUq is an open map and p´1pπ´1pUqq ÝÑ µ´1 Z pUq is an algebraic fiber space. This implies p´1pπ´1pUqq is irreducible. Since p´1pπ´1pUqq ÝÑ π´1pUq isétale and X is normal, p´1pπ´1pUqq is a normal variety. This also proves that the uniqueness of the irreducible component that dominates X.
Since kpXqb kpZq kpAq is a field, the function field of M is kpXqb kpZq kpAq. Therefore, α is the normalization of M if and only if kpXqb kpZq kpAq ÝÑ kp r
Xq is an isomorphism. The last statement follows from the universality of the fiber products and the uniqueness of the main component. 
Covering Theorem.
The following theorem is taken form an upcoming paper "Globally F -splitness of surfaces admitting an intamplified endomorphism" by the second author. We use this theorem in the proof of the main theorem to show certain kind of fibrations do not appear during the process of equivariant MMP. 
where X is a klt Q-factorial normal projective variety, π is a K Xnegative extremal ray contraction of fiber type, f is an int-amplified endomorphism. Assume for all irreducible component E Ă Supp R f , we have πpEq " Y . Then there exists a following equivariant commutative diagram:
where A is an abelian variety, µ Y is a finite surjective morphism, r X is the normalization of the main component of XˆY A satisfying the following:
‚ r X is a Q-Gorenstein klt normal projective variety; ‚ µ X is a finite surjective quasi-étale morphism; ‚ r π is an algebraic fiber space.
We prepare to prove the theorem. First, we prove that if Y has a finite g-equivariant cover by an abelian variety, then µ X as in Theorem 4.4 is quasi-étale.
Lemma 4.5. Let X be a normal projective variety and f : X ÝÑ X an int-amplified endomorphism and assume that there exists the following commutative diagram:
where (1) Y and r Y are normal projective varieties; (2) π is an algebraic fiber space, µ X and µ Y are finite surjective morphisms; (3) r X is the normalization of the main component of XˆY r Y ; (4) g, r g, r f are int-amplified endomorphisms. Furthermore we assume the following conditions:
(a) r g is quasi-étale; (b) every prime divisor E on X satisfies codimpπpEqq ď 1; (c) every irreducible component E of Supp R f satisfies πpEq " Y Then µ X is quasi-étale.
Proof. There exists a nonempty open subset U of Y such that µ´1 Y pUq ÝÑ U isétale. Then since r π´1pµ´1 Y pUqq " µ´1 X pπ´1pUqq " π´1pUqˆU µ´1 Y pUq by Lemma 4.1, µ´1 X pπ´1pUqq ÝÑ π´1pUq isétale. In particular, every irreducible component E of SupppR µ X q satisfies r πpEq ‰ r Y . On the other hand, we have r f˚pR µ X q ď r f˚pR µ X q`R r f " µXpR f q`R µ X Since any component of µXpR f q is horizontal and any component of R µ X is vertical, we obtain r f˚pR µ X q ď R µ X as Weil divisors. It means that Supp R µ X is a totally invariant divisor under r f , therefore, by Lemma 4.6, r πpSupp R µ X q is a totally invariant closed subset under r g. Suppose that µ X is not quasi-étale. Let E be an irreducible componet of Supp R µ X , then E is a prime divisor. Replacing r g by some iterate, we may assume that r πpEq is totally invariant. By the assumption, codimpr πpEqq is less than or equal to 1. Since E is a vertical divisor, r πpEq must be a prime divisor on r Y . It contradicts to the fact that r g is an int-amplified quasi-étale endomorphism (cf. [26, Lemma 3.11] ). Hence µ X is quasi-étale. 
where X, Z are normal projective varieties, π is an algebraic fiber space, and f, h are surjective endomorphism. Let W Ă X be a closed subset. If f´1pW q " W as sets, then h´1pπpW" πpW q.
Proof. Since hpπpW" πpf pWĂ πpW q, we have πpW q Ă h´1pπpW qq. Take a closed point z P h´1pπpW qq. Since X is a normal variety and f is a finite morphism, f is an open map by going down. Therefore, the induced map π´1ph´1phpzÝÑ π´1phpzqq is also an open map. Thus f pπ´1pzqq is an open and closed subset of π´1phpzqq and therefore f pπ´1pzqq " π´1phpzqq. Since π´1phpzqq X W ‰ H, we get H ‰ π´1pzq X f´1pW q " π´1pzq X W , which means z P πpW q.
Next, we recall the following basic property of Mori fiber spaces.
Lemma 4.7. Let pX, ∆q be a klt pair where X is a Q-factorial normal projective variety and ∆ is an effective Q-divisor. Let π : X ÝÑ Y be a pK X`∆ q-negative extremal ray contraction of fiber type. Then for any prime divisor E on Y , π´1pEq is an irreducible codimension one closed subset of X. In particular, any prime divisor F on X satisfies codimpπpFď 1.
Proof. Suppose that π´1pEq has two components. Then we can take irreducible components F and F 1 such that codimpF q " 1, πpF q " E and F X F 1 ‰ H. Take a closed point y P πpF 1 zF q, then there exist closed points x P F and x 1 P F 1 zF such that πpxq " πpx 1 q " y. Since π has connected fibers, we can take a connected curve containing x and x 1 , so we can take an integral curve C such that C X F ‰ H and C is not contained in F . In particular, the intersection number of C and F is positive. However, taking a closed point y 1 P Y zE and an integral curve C 1 Ă π´1py 1 q as sets, we have pC 1¨F q " 0. Since π is a pK X`∆ q-Mori fiber space, C and C 1 are proportional in N 1 pXq R . Hence this is a contradiction.
Next, we assume that there exists a prime divisor F on X such that codimpπpFě 2. Then we can take a prime divisor E on Y containing πpF q. Hence we have F Ă π´1pEq as sets. By the first assertion, F " π´1pEq as sets. In particular, πpF q " E and it is contradiction. Definition 4.8. Let X be a normal projective variety and ∆ an effective Q-Weil divisor on X. We say that ∆ has standard coefficients if for any prime divisor E on X, there exists a positive integer m such that ord E p∆q " m´1 m . Next, we consider the index-1 cover of log trivial pairs. Index-1 cover is not quasi-étale when the boundary is not Z-Weil. However, if the boundary has standard coefficients, we can compute the ramification indices and conclude that the canonical divisor of index-1 cover is a principal divisor.
Lemma 4.9. Let X be a normal projective variety and ∆ an effective Q-Weil divisor on X such that K X`∆ is Q-linearly equivalent to 0. Then there exists a finite surjective morphism µ : r X ÝÑ X from a normal projective variety such that the following conditions hold:
‚ µ˚pK X`∆ q is a principal divisor: µ˚pK X`∆ q " 0; ‚ if µ 1 : X 1 ÝÑ X is a finite surjective morphism from a normal projective variety such that µ 1˚p K X`∆ q is a principal divisor, then µ 1 factors through µ.
Furthermore, if ∆ has standard coefficients, then R µ " µ˚p∆q. In particular K r X is a principal divisor. Proof. Let m 0 " mintm | mpK X`∆ q " 0u and take a non-zero rational
so µ˚pK X`∆ q is a principal divisor. Moreover, let µ 1 : X 1 ÝÑ X be a finite surjective morphism from a normal projective variety such that µ 1˚p K X`∆ q is a principal divisor. Then there exists a non-zero rational function β P KpX 1 q " L 1 such that div X 1 pβq " µ 1˚p K X`∆ q. In particular, we have m 0 div X 1 pβq " div X 1 pαq. Since the base field is algebraically closed, we may assume that β m 0 " α. It means that there exists an injective K-algebra homomorphism from L to L 1 , so µ 1 factors through µ.
Next we assume that ∆ has standard coefficients. Let E be a prime divisor on X, m a positive integer, a an integer such that ord E pK X∆ q " m´1 m`a . Let pR, p̟qq be the DVR associated to E and S the normalization of R in L. Then it is enough to show that the order of ̟ at any maximal ideal of S is equal to m. Since the order of α along E is equal to m 0 p m´1 m`a q, there exists an unit u in R such that
Since every coefficients of div X pαq are integer, there exists a positive integer b such that mb " m 0 . Hence if we set ρ " m´1`ma, then α " u̟ bρ .
Now, we have
is an integral domain and satisfies R Ă R 1 Ă S. Since R 1 isétale over R, ̟ is an uniformizer of R
i is an integral domain and satisfies
Furthermore, since pZq is the unique maximal ideal of R 2 i , we obtain R 2 i " S i and ord S i p̟q " m. Therefore we obtain the last assertion.
The following lemma is well-known to experts. Lemma 4.10. Let π : X ÝÑ Y be an algebraic fiber space where X, Y are normal Q-Gorenstein projective varieties. Assume that´K X is π-ample and X is klt. Then Y is also klt.
Proof. There exists an ample Cartier divisor H on Y such that´K Xπ˚H is an ample Q-Cartier divisor. Then for a general effective QCartier divisor B that is linearly equivalent to´K X`π˚H , pX, Bq is a klt pair and K X`B " Q π˚H. By Ambro's canonical bundle formula ( [1, Theorem 4.1]), we find an effective Q-Weil divisor B Y such that pY, B Y q is a klt Q-Gorenstein pair. In particular, Y is klt.
Proof of Theorem 4.4. By Lemma 4.7, we can define a positive integer m E for any prime divisor E on Y so that π˚E " m E F for some prime divisor F on X. We set ∆ " ř m E´1
m E E as a Q-Weil divisor, where the sum runs over all the prime divisors on Y . Note that this is a finite sum because a general fiber of π is reduced. Thus ∆ is a well-difined Q-Weil divisor with standard coefficients. First we prove that K Y`∆ " Q 0 and K Y`∆ " g˚pK Y`∆ q. Let E be a prime divisor on Y and we set g˚E " a 1 E 1`¨¨¨`ar E r , where a 1 , . . . , a r are positive integers and E 1 , . . . E r are prime divisors on Y . For every i, we can write π˚pE i q " m E i F i for some prime divisor F i on X. Since π˚g˚E " f˚π˚E, we have a 1 m E 1 F 1`¨¨¨`ar m Er F r " m E pF 1`¨¨¨Fr q and a i m E i " m E for all i. We remark that f˚F " F 1`¨¨¨Fr because any component of R f is horizontal. Using this equality, we have
Hence we obtain g˚pK Y`∆ q " K Y`∆ . 
Let X 1 be the normalization of the main component of XˆY Y 1 . By Lemma 4.1, X 1 has an int-amplified endomorphism and we get the the following equivariant commutative diagram:
By Lemma 4.7, any prime divisor E on X satisfies codimpπpEqq ď 1. Since ∆ has standard coefficients, K Y 1 is linearly equivalent to 0, in particular, g 1 is quasi-étale. Hence by Lemma 4.5, µ X 1 is quasi-étale. It implies that X 1 is Q-Gorenstein klt and´K X 1 is π 1 -ample. Therefore by Lemma 4.10, Y 1 is also klt. By [26, Theorem 5.2] , there exists the following commutative diagram:
where A is an abelian variety, µ Y 2 is a finite surjective morphism and g A is an int-amplified endomorphism. Let r X be the normalization of the main component of XˆY A. Then r X has an int-amplified endormophism by Lemma 4.1, and the following diagram commutes: where X, Y , and r X are normal projective varieties, ν is a finite surjective morphism, g is a morphism, and f is a rational map. Then f is a morphism.
Proof. Let Γ f and Γ g be the graph of f and g. Then we have the following commutative diagram:
Note that α is an isomorphism, ν is a finite morphism, and β is a surjective morphism. This implies γ is birational and finite, that is an isomorphism.
Proof of the main theorem
The following proposition, which is a key step to prove the main theorem, is taken from [29] with a slight change. 
where π is a K X -negative extremal ray contraction with dim Y ă dim X. Then one of the following holds:
There exists an effective Q-divisor ∆ such that pX, ∆q is klt, K X`∆ is not pseudo-effective, and there exits a sequence of pK X`∆ q-MMP:
where the horizontal dotted arrows are birational maps and π 1 is a pK Xr`∆r q-negative extremal ray contraction of fiber type where ∆ r is the strict transform of ∆, satisfying either ρpXq ą ρpX r q or δ f n | Xr " δ f n | Y 1 . Here n ą 0 is any positive integer such that the above sequence of MMP is f n -equivariant and f n | Xr , f n | Y 1 are the induced endomorphisms. Note that r could be 1.
Proof. If δ f " δ g , then (3) holds with ∆ " 0, r " 1, and π 1 " π. Suppose δ f ą δ g . If dim Y " 0, then ρpXq " 1 and (1) holds (cf. [16] ). Suppose dim Y ě 1. Since dim N 1 pXq Q " dim N 1 pY q Q`1 and δ f ą δ g , δ f is an integer lager than 1 and the generalized eigenspace of f˚| N 1 pXq associated with δ f is dimension one. Combined with Perron-Frobenius type theorem, this implies there exists a nef integral divisor D ı 0 such that f˚D " Q δ f D. Since δ f ą δ g , D is π-ample. By [29, Lemma 9.1], the ray R ě0 D in N 1 pXq R is an extremal ray in NefpXq and EffpXq. Let R Ă NEpXq be the ray contracted by π. Take a positive rational number a P Q ą0 such that B :" D`aK X satisfies B¨R " 0.
(i) Suppose B is pseudo-effective. Since D generates an extremal ray of EffpXq, we have R ě0 D " R ě0 p´K X q. Thus we get f˚p´K X q " Q δ f p´K X q. If κp´K X q ą 0, then by Proposition 2.13, KSC holds for f and (1) holds. Suppose κp´K X q " 0. Since f˚p´K X q " Q δ f p´K X q, K X generates an extremal ray of EffpXq, and PicpXq Q " N 1 pXq Q , any effective Q-divisor D that is Q-linearly equivalent to´K X has irreducible support. Thus (2) holds.
(ii) Suppose B is not pseudo-effective. Take an sufficiently small effective ample Q-divisor E on X so that p1{aqB`E is not pseudoeffective. Let A :" E`p1{aqD. Note that this Q-divisor is ample and K X`A " E`p1{aqB is not pseudo-effective. Take an effective Q-divisor ∆ on X such that ∆ " Q A and pX, ∆q is klt. By [2] , we can run pK X`∆ q-MMP and get:
where ϕ is the composite of pK X`∆ q-flips and pK X`∆ q-divisorial contractions, and π 1 is a fiber type contraction of pK X 1`ϕ˚∆q-negative extremal ray. If ρpXq ą ρpX 1 q, then (3) holds. Suppose ρpXq " ρpX 1 q. Then ϕ is the composite of flips and in particular it is isomorphic in codimension one. Take any n ą 0 such that the above diagram is f n -equivariant. Consider the following equivariant diagram of linear maps:
where ϕ˚is the strict transform and it is an isomorphism. Let C 1 be a curve on X 1 that is contracted by π 1 . Then ppK X 1`p1{aqϕ˚Dq¨C 1 q " ppK X 1`ϕ˚∆q¨C 1 q´pϕ˚E¨C 1 q ă 0.
Note that pϕ˚E¨C 1 q ě 0 since ϕ˚E is effective and π 1 is fiber type contraction. Therefore, K X 1`p1{aqϕ˚D R π 1˚p N 1 pY 1 q R q. On the other hand, ϕ˚pK X 1`p1{aqϕ˚Dq " K X`p 1{aqD " p1{aqB P π˚pN 1 pY q R q. This implies π˚pN 1 pY q R q and ϕ˚pπ 1˚N 1 pY 1 q R q are different codimension one linear subspace of N 1 pXq R . Therefore, the induced map N 1 pY 1 q R ÝÑ N 1 pXq R {π˚pN 1 pY q R q is surjective. Since pf n q˚acts on N 1 pXq R {π˚pN 1 pY q R q as multiplication by δ f n , pf n | Y 1 q˚has eigenvalue δ f n . This implies δ f n | Y 1 " δ f n " δ f n | X 1 . Thus, (3) holds.
The following lemmas are taken from [29] .
Lemma 5.2 (cf. [29, Theorem 6.2] ). Let X be a Q-factorial normal projective variety with PicpXq Q " N 1 pXq Q . Suppose κp´K X q " 0 and K X " Q D ě 0. Then for any surjective endomorphism f : X ÝÑ X, we have f´1pSupppDqq " SupppDq.
Proof. This follows from the ramification formula and Lemma 5.3 below. . Let X be a Q-factorial normal projective variety with PicpXq Q " N 1 pXq Q . Let f : X ÝÑ X be a surjective endomorphism and D an effective Q-divisor on X such that:
(1) κpDq " 0; (2) f˚D " Q D`B for some effective Q-divisor B on X. Then f´1pSupp Dq " Supp D.
Proof. Pushing forward the equation in (2), we have pdeg f qD " Q f˚D`f˚B. Since κpDq " 0, we have κpf˚Dq " 0 and Supp D " Supp f˚D Y Supp f˚B Ą Supp f˚D. Applying f˚again, we get
This implies κpf Dq " Supp f˚f˚pf n Dq.
By projection formula, we have f˚f˚" deg f id on N 1 pXq Q " Pic X Q . Since N 1 pXq Q is finite dimensional, we have f˚f˚" deg f id on N 1 pXq Q " Pic X Q . Thus, f˚f˚pf n Dq " Q deg f pf n Dq. Moreover, we have
